accretion rate, a decrease in the metallicity of the accreted matter leads to an increase in the thickness of the hydrogen-rich layer at outburst and a decrease in the hydrogen-burning shell efficiency. In the M WD -Ṁ plane, the borders of the steady state accretion band are critically dependent on the metallicity of the accreted matter: on decreasing the metallicity, the band is shifted to lower accretion rates and its width inṀ is reduced.
Introduction
The knowledge of the physical consequences of the accretion of hydrogen-rich matter onto a white dwarf has played an important role in understanding the main properties of several types of eruptive stars such as slow and fast novae and symbiotic stars (e.g., Starrfield 1971 . In addition, the scenario in which a red giant star transfers mass to its carbon-oxygen (CO) white dwarf companion (Whelan & Iben 1973 ) is regarded by some as one of the most plausible precursor candidates for Type Ia supernovae (e.g., Hachisu, Kato, & Nomoto 1996) . Fairly extensive surveys of the dependence of behavior on white dwarf mass and accretion rate have been conducted (see, e.g., Iben & Tutukov 1996; Cassisi, Iben, & Tornambé 1998 [hereinafter CIT] and references therein). For a low mass CO white dwarf of typical mass in the range 0.5 ÷ 0.8 M ⊙ , the consequences of the accretion of hydrogen-rich matter of solar metallicity can be summarized as follows:
• for sufficiently large mass-accretion rates (say, 10 −7 M ⊙ yr −1 or larger, depending on the white dwarf mass), the accreted layer adopts an expanded configuration similar to that of the envelope of a red giant star;
• for intermediate mass-accretion rates (say, in the range 4 ÷ 10 × 10 −8 M ⊙ yr −1 ), the accretor burns hydrogen in a steady state regime at the same rate as it accretes hydrogen;
• for small mass-accretion rates (say, in the range 1 ÷ 4 × 10 −8 M ⊙ yr −1 ), the accretor experiences recurrent mild flashes;
• for even smaller mass-accretion rates (say, smaller than 10 −9 M ⊙ yr −1 ), the accretor Although considerable attention has been paid to models that experience recurrent mild hydrogen-burning flashes (e.g., Paczyński &Żytkow 1978 , Iben 1982 José, Hernanz, & Isern 1993, CIT) , a deep insight into the evolution of the main physical properties in the accreting models over an outburst-cooling cycle is still missing. Analytical studies of hydrogen-burning shells by Sugimoto & Fujimoto (1978) and by Fujimoto (1982a,b) have established the general properties of the hydrogen-burning shell as a function of the fundamental parameters of the accreting star, but have not provided profiles of structural and chemical variables in the shell itself. Finally, the extant numerical experiments do not explore systematically how the outcome of the accretion process depends on the abundances of heavy elements in the accreted matter.
To investigate in detail the evolution of the main physical characteristics of the hydrogen-burning shell during a flash episode, we have adopted as an initial model a white dwarf of mass 0.516 M ⊙ which has accreted matter at the rateṀ = 10 −8 M ⊙ yr −1 for 7.6 × 10 5 yr, at which point the interior has been cooled to a temperature of 8.6 × 10 6 K and the density at the center is 2.56 × 10 6 g cm −3 . For the composition of accreted matter, we have adopted a helium abundance by mass of Y = 0.28 and three different metallicities (Z = 0.02, 0.001, and 0.0001).
In §2 we discuss the input physics and the assumptions. In §3, the thermal properties of the hydrogen-burning shell are presented and discussed in detail for the Z=0.02 case. In §4, analytical relations in the (M WD -Ṁ) plane are obtained for the case Z=0.02 and, in §5, the dependence on metallicity of the evolutionary behavior of the accreting models is analyzed. Conclusions and a brief discussion follow in §6.
assume that no mass is lost by the accreting star, despite the fact that a relatively nearby companion is required to supply the hydrogen-rich matter to the white dwarf and that, during evolution at high luminosity and low surface temperature, the surface of the star in outburst, in the real analogue, extends in most instances beyond the Roche lobe of the accretor and even beyond the donor star.
The most relevant structural properties of this model are reported in Table 1 . The well known evolution in the HR diagram during one complete pulse cycle is reported in and L s are, respectively, the hydrogen-burning luminosity, the helium-burning luminosity, and the surface luminosity. Several interior characteristics during two passages of the cycle are shown in Figure 2 as a function of the total mass of the accretor.
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We begin our description at the upper right hand portion of the evolutionary track as the model evolves from red to blue along the high luminosity plateau and Φ H ∼ 0.994. In this phase, the release of gravothermal energy Φ gr = L gr /L s is equal to ∼ 0.006, whereas the Helium burning contributes negligibly to the surface luminosity (Φ He << 1). Figure 2a discloses that, along the plateau portion of the evolutionary track, the location in mass of the hydrogen-burning shell (which we define as the point where the maximum rate of energy production via hydrogen-burning is located) moves outwards much more quickly than the total mass grows due to the accretion of fresh matter. In the next section, it will be shown how, during the plateau phase, the relationship between the surface luminosity and the mass of the hydrogen-exhausted core depends on the metallicity of the accreted matter.
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Once the mass of the layer between the hydrogen-burning shell and the surface decreases below a critical value, energy production by hydrogen burning declines rapidly (the reasons for this are discussed by Iben [1982] and the observational consequences are discussed by Iben & Tutukov [1984] ). The critical point in the HR diagram is the point of maximum effective temperature labeled BP (for "blue point") in Figure 1 .
After reaching the blue point, the hydrogen-burning efficiency plumets and gravothermal energy takes over as the main source of energy ( Figure 2d ). In the absence of mass accretion, further evolution would be similar to that of a single star after leaving the AGB to become the central star of a planetary nebula; i.e., apart from the onset of crystallization, evolution
would not have presented any additional curiosities. However, continuous mass accretion leads to a quite different behavior for the outer layers of the white dwarf relative to that of a non-accreting, cooling white dwarf. In particular, the combined action of the accretion process (growth in mass of the hydrogen-rich envelope) and the contraction of the layers above the hydrogen-burning shell (see Figs. 2e and 2c) relatively quickly brakes the rate of decline of the temperature of the hydrogen-burning shell (Fig. 2b) , and leads to a slowly, but continuously, growing hydrogen-burning luminosity (Fig. 2d ). In addition, it is worth noticing that the accretion process induces an increase of the evolutionary lifetime in the blue side of the HR loop from the bluest point to the faintest one. In particular along this portion of the cycle the accreting model evolves in a 50% longer time-scale.
The energy delivered by hydrogen burning adds to the rate at which the local temperature in the shell increases until eventually a new hydrogen shell flash occurs. The increase in pressure related to the increase in temperature in the hydrogen-burning shell leads to a rapid expansion of the layers above the shell (see the surface radius increase in Fig. 2f and the decrease in density at the center of the shell in Fig. 2c ). In the HR diagram, the model evolves upward as energy diffuses from the burning shell to the surface, and the increase in the surface radius eventually causes the model to evolve to the blue until the plateau portion of the track is reached once again.
Thus, the accretion process modifies the thermal content of the hydrogen-rich layer, Fig. 3d ), the energy-flow watershed has moved into interior regions not shown and, until the last few models, when hydrogen burning is beginning to make itself evident again (the bumps near the surface in the temperature profiles in Fig. 3d ), cooling prevails over the entire region above M r ∼ 0.521 M ⊙ .
As the new hydrogen-burning shell flash gets underway (the last three open circles and the closed triangles in Fig. 1 ), a large fraction of the nuclear energy which is released is stored locally, since the time scale on which thermal energy can be transferred is greater than the time scale on which nuclear energy is released. This is true even though matter in the burning region is not degenerate. A convective shell is formed early on in the development of the flash (the point labeled IC in Fig. 1 ). The mass of the convective shell grows until the shell extends from the base of the burning shell up to photospheric layers. Up to this moment, the evolution of the model has occurred on the nuclear burning time scale. Thereafter, the convective shell (now, really, the convective envelope) cannot accommodate a further increase in its thermal energy content, but must expand to giant dimensions, using up local thermal energy to do the work of expansion against gravity. The readjustment to a new, expanded configuration occurs on the thermal time scale of the envelope. When the energy surplus has been dissipated, (excursion to higher luminosity and lower effective temperature) and the envelope has readjusted to an expanded configuration, the thermal wave begins to propagate inward again (see Fig. 3f ). The model is now back to where it began (the profile in Fig 3a with the narrowest peak) .
The profiles of the nuclear energy-generation rate ǫ n in Figure 4 are also instructive.
As it is evident from Figure 4a , along the high luminosity plateau branch, the width in mass of the nuclear energy-generating region increases slightly and the hydrogen-burning luminosity drops as the burning shell works its way toward the surface. During most of the plateau phase, the full CNO cycles are active. By the time the model has attained its maximum effective temperature ( Fig. 4b) , hydrogen burning rapidly declines in importance as temperatures in the shell (Fig. 3b) decrease. The decline continues along the next portion of the cooling phase ( Fig. 4c) as temperatures in the shell continue to decrease (Fig. 3c ). An interesting aspect of nuclear burning during the long cooling phase (Figs. 4b, 4c , and 4d) is that it takes place in two distinct regions: a left hand region where the CNO cycles operate and a right hand spike where 12 C in freshly accreted fuel is burned into 14 N.
Along this phase the pp contribution to energy production plays a not negligible role (see the broad secondary peak among the spikes in Fig. 4d ).
Ultimately, thanks to the increase in density at the base of the hydrogen-rich layers, heating replaces cooling in the hydrogen-burning layers (Figs. 3d and 4d) and both the CNO cycles and pp-driven ǫ n profiles begin to increase in height and in breadth. When convection appears, the second ǫ n peak is "swallowed" by the first (Fig 4d) . After the hydrogen-burning luminosity has attained its maximum value and convection begins to recede (Fig. 4e) , the mass-width of the region undergoing the strongest hydrogen burning decreases, attaining its minimum width (Fig. 4f) at the same time the model reaches in the HR diagram the minimum effective temperature.
Steady-State Regime for Small White Dwarf Masses
The evolution described in the previous section illustrates the well known result that, for accretion rates smaller than a critical value which depends on white dwarf mass, accreting white dwarfs can be viewed as evolving alternatively in two stable states (a low state and a high state, in the nomenclature of Fujimoto [1982b] ), separated by short lived transitional phases. The low state is the cooling phase, when the gravothermal energy source supplies essentially the entire surface luminosity, with hydrogen burning being almost extinguished.
The high (or "excited") state is the high luminosity plateau phase during which the hydrogen-burning shell is the main energy source, and the contribution of gravothermal energy is minor.
The hydrogen shell flash acts as the excitation mechanism which induces the transition from the low to the high state. The trigger for the transition is that, when the mass of the accreted layer exceeds a critical value which depends on the accretion rate, the rate of local heating by the hydrogen-burning shell exceeds the rate at which heat can diffuse out, initiating a thermonuclear runaway
The "strength" of a flash (the maximum hydrogen-burning luminosity) and the maximum extension to the red of the evolutionary track during the excited state depend on the accretion rate, in the sense of being greater, the smaller the accretion rate, but the final plateau luminosity during the evolution from red to blue depends only on the mass of the white dwarf. Since the amount of mass accreted between flashes is a quite small fraction of the total mass, the white dwarf mass may be thought of as constant over a large number of cycles; to a very good approximation, the structure of the envelope during the plateau phase does not "remember" the accretion rate preceding the flash which produced it, being sensitive only to the mass of the underlying white dwarf.
The transition from the excited to the low state sets in at the blue point along the evolutionary track in the HR diagram (point BP in Fig. 1 ). The sudden drop in Φ H that is shown in Figure 2d is initiated at the blue point. The reason for this second transition can be understood in terms of the dependence on accretion rate of the mass of the hydrogen-rich layer ∆M H in static models which are forced to burn hydrogen at the same rate as they accrete it (Iben 1982) . The blue point in the HR diagram of the locus formed by a sequence of static models of fixed mass but different accretion rate is a bifurcation point (see If, however, mass accretion were switched off in a model along the lower branch and this model were allowed to evolve statically, the model would evolve upward until it reached the bifurcation point, at which position it would be faced with a quandary. It could not evolve statically in either direction from the bifurcation point.
The implication of these thought experiments is that a real star evolving from red to blue along the plateau branch can do so in a roughly static fashion, with Φ H ∼ 1 until, on reaching the bifurcation point, hydrogen burning can no longer control the course of evolution. The static approximation is no longer valid, Φ H plumets until hydrogen burning is no longer of significance and gravothermal energy has taken over as the prime source of surface luminosity.
These considerations allow us to make use of the properties of accreting models in the quasistatic approximation to estimate, for small white dwarf masses, the lower boundary of the region in the M WD -Ṁ plane where steady state accretion can occur. In Figure 5 The values ofṀ H at the blue points for these model tracks and for several others are given in Table 2 , where Φ H , log T e and log(L/L ⊙ ) at the blue points are also given.
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A linear fit to the properties of models at the bluest points in the HR diagram gives:
as the lower boundary of the region in which steady state accretion solutions exist over the mass range 0.52 ≤ M WD /M ⊙ ≤ 0.68.
An approximation to the upper boundary of the region where steady state solutions exist can also be derived from the information in Figure 6 . The "kink" in each curve near the red end of each curve for the three largest white dwarf masses in Figure 6 actually defines the point beyond which static solutions are of the red giant variety, with the accretion rate being larger than the rate at which nuclear burning consumes fuel (Fujimoto 1982 a,b) . In Table 3 , the values ofṀ H−sh for several models is shown, along with the values of Φ H , log T e and log(L/L ⊙ ) at the kink. A linear fit between the maximum allowed accretion rate and the WD mass at the kinks provides
This line defines the upper boundary of the region in which steady state accretion can occur over the white dwarf mass range 0.52 ≤ M WD /M ⊙ ≤ 0.68.
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The method adopted here to estimate the boundaries of the steady burning zone was introduced by Fujimoto (1982 a,b) , who studied the properties of the hydrogen-burning shell in accreting models using an analytical solution for the envelope. He found (see 
The Thermal Behavior of the Hydrogen-Burning Shell as a Function of Metallicity
To investigate the dependence on metallicity of the behavior of accreting white dwarfs, we have computed two additional sets of models in which hydrogen-rich matter characterized, respectively, by Z = 0.001 and Z = 0.0001 is accreted onto the same initial model of mass 0.516M ⊙ at the same rateṀ = 10 −8 M ⊙ yr −1 . To make more meaningful the comparison between models accreting mass with different metallicities, we have adopted for all sets of models the same helium abundance: Y = 0.28.
In the HR diagram of Figure 7 are shown the paths during one pulse cycle of models of the three different metallicities. In all three cases, the total mass of the model is
Several characteristics of the models are given in Table 4 . The dependence on the metallicity of various path characteristics can be understood relatively simply. At the very lowest luminosities, all paths converge because the models adopt the essentially metal-independent radius of a cold white dwarf. Because of smaller CNO abundances, the temperatures and densities at the base of the accreted layer (see Table 4 ) must be larger in models of lower metallicity in order for a CNO cycle thermonuclear runaway to be initiated:
in order to achieve larger densities and temperatures, more mass must be accumulated by the lower metallicity models. This is why the time between pulses is larger, the lower the metallicity. During the transition between the low and high states, the radius of the expanding envelope is larger, the larger the mass of the envelope, and this explains why, at any given luminosity, the lower the metallicity, the redder the model. The fact that the reddest point along a path is bluer, the lower the metallicity, can be accounted for as an envelope-opacity effect. Finally, during the plateau phase and during the cooling phase, the fact that, at any luminosity, the model of lower metallicity is redder, is again ascribable to the larger mass of the hydrogen-rich envelope and the consequent larger radius of the envelope.
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In Figure 8 we have reported for comparison the evolution of the main physical quantities for the hydrogen-burning shell for the cases with Z = 0.001 and Z = 0.0001. The evolution of Φ H in panel (d) of this figure demonstrates graphically how the durations of both the high state (plateau phase) and the low state (cooling phase) increase with decreasing metallicity. As we have argued, the plateau phase lasts longer, the lower the metallicity, because the duration of the cooling phase and therefore the mass of hydrogen-rich material accreted between thermonuclear runaways increases with decreasing metallicity. That the amount of mass accreted during the low phase increases with decreasing metallicity is also evident by analyzing panel (a) which show that, the smaller the metallicity, the greater is the amount of fuel burned during the plateau phase. Figure 9 emphasizes this point once again.
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It is evident from Figure 7 , and the discussion in §4, that the band in the M WD −Ṁ plane where steady state burning solutions exist drops to lowerṀ as metallicity decreases. settles into a steady state accretion configuration after one pulse.
Adopting the method outlined in §4, we have estimated the limits of the steady burning band for the three metallicities when M WD ≃ 0.5236 M ⊙ , obtaining the values listed in Table 5 .
EDITOR: PLACE TABLE 5 HERE.
We have followed the long term evolution of the low Z models, and from the results (which will be described in detail elsewhere), we have estimated the upper and lower bounds of the steady state band (see Tables 6 and 7 , respectively).
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and the lower boundary can be approximated by
Summary and Conclusions
We have investigated and discussed in detail the evolutionary behaviour of a white dwarf accreting hydrogen-rich matter of three different metallicities: Z = 0.02, 0.001, and 0.0001.
An analysis of the evolutionary behavior of several physical characteristics of the models has shown that, for fixed values of M W D andṀ, lowering the metallicity causes the recurrence period to become longer because, in order to achieve the larger temperatures and densities necessary to offset the reduction of CNO catalysts in the accreted matter, the thickness of the hydrogen-rich accreted layer must increase.
For the steady-state burning regime, we have been able to derive borders in the M W D -Ṁ plane as they depend on the metal content of the accreted matter. In agreement with earlier estimates, we find that the area of the region in this plane in which steady-state burning takes place becomes narrower as the white dwarf mass is increased. In addition, the location and the extension of the steady-state burning regime have been found to depend critically on the metallicity of the accreted matter, as shown clearly in Figure 10 , where the topology of the steady-state region in the M W D −Ṁ plane is provided for the three metallicities considered. Reducing the metallicity, the steady-state burning region drops to smaller accretion rates and its extension is drastically decreased.
The consequences of our results for the final behavior of real low metallicity accretors are not easy to predict. On the one hand, as metallicity is decreased, the hydrogen-burning shell becomes hotter. This means that the underlying helium-burning layer is hotter and less degenerate when a helium-burning thermonuclear runaway is initiated. On the other hand, the fact that, for fixed core mass and accretion rate, the power of hydrogen-burning flash decreases as the metallicity is reduced suggests that low metallicity accretors may experience relatively mild helium shell flashes for a range of helium layer masses more extended than in the solar metallicity case.
However, as extensively discussed in Piersanti et al.(1999) , in the mild pulse regime, there is a parameter region in which the effects of the hydrogen-burning shell on the helium layer are negligible, and a model with characteristics in theis region behaves as if pure helium is accreted. These models lead to a sub-Chandrasekhar explosion if the initial mass of the white dwarf and the accretion rate are within a given range (see Fig. 1 in Tornambé et al. 1998 for the solar metallicity case). Therefore, over the long term evolution, once the helium-burning layer becomes thermally decoupled from the hydrogen-burning shell, the accreted layer behaves in a way that depends only on the accretion rate and not on the metallicity.
Due to the prohibitively long computing time required, we have only partially studied the long term evolution of models accreting hydrogen-rich matter of metallicities Z = 0.001 and Z = 0.0001 at the mass-accretion rate ofṀ = 10 −8 M ⊙ yr −1 . Both models show that the helium layer and the hydrogen-rich layer become decoupled as in the case of accretion of hydrogen-rich matter of solar metallicity (Piersanti et al. 1999) . Such models will likely experience similar outcomes independent of the metallicity of the hydrogen-rich accreted matter.
On the basis of the results obtained so far, we suggest that, on lowering the metallicity, the area in the M W D −Ṁ plane suitable for sub-Chandrasekhar dynamical outcomes is shifted toward slightly lower values ofṀ , remaining almost unchanged in extention, as indicated in Tornambé et al. (1998) for the solar metallicity. It has to be finally considered that metallicity could even affect other parameters of the binary system (as, for instance, initial white dwarf masses, accretion rates, etc) with the consequence that in the real world, this scenario could be also significantly changed. The discontinuity in log T e at M WD > 0.6 M ⊙ is due to a different approach in the treatment of atmospheric layers adopted to prevent a huge expansion of the envelope. 
